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The joint surfaces in the computer numerically controlled (CNC) machines play a crucial
role in transmitting load and energy in operations. In this paper, a new contact model
between rough surfaces of a joint is proposed by considering the inﬂuence of surface
waviness and substrate deformation. A contact model for a single asperity system is ﬁrst
established, in which the asperity and substrate deformations are calculated based on
the Hertz theory. Then, it is extended to an entire rough surface by a statistical method,
where the contact of rough surfaces is treated as the contact between a smooth waviness and a rough surface. The numerical results showed that when contact deformation
is constant, the real contact area and the normal load of joint surfaces increase with
increasing radius of the waviness peak while the normal load decreases with the increase
of surface roughness. When a rough surface contains a coating layer or a surface ﬁlm, the
deformation of the joint surface has to consider both substrate deformation and asperity deformation. The substrate deformation will generate larger inﬂuence for a stiﬀer or
harder coating. Compared with other models, the results obtained from the proposed
model show better agreements with the experimental data.
Keywords: Contact model; joint surface; surface roughness; surface waviness; substrate
deformation.

1. Introduction
Computer numerically controlled (CNC) machine tools widely used in industry
usually consist of many diﬀerent mechanical parts, components and joint surfaces
[Chiu and Lee, 2017]. The joint surfaces in the CNC machines not only play a
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crucial role in transmitting load and energy in operations, but also generate complicated dynamic characteristics in the process. Therefore, high demand exists for
the development of a joint contact model that involves the contact characteristics
of joint surfaces in developing CNC machine tools. Rough surface contact has been
intensively studied over the last few decades and many diﬀerent models were proposed [Yuan et al., 2017; Zhao et al., 2016; Song et al., 2016; Clausnizer et al.,
2017; Lu et al., 2017]. Among them, a statistical contact model (i.e., Greenwood
and Williamson (GW) model) has been widely used for modeling elastic contact
between rough surfaces with great simpliﬁcation [Greenwood and Williamson, 1966].
In this model, the asperity heights are assumed to follow the Gaussian distribution
function and each individual asperity is assumed to deform elastically. In addition,
the substrate deformation below the asperities and the interaction among asperities are neglected. However, recent studies revealed that the GW model could
lead to signiﬁcant ineﬃciency, in particular in studying miniature scale mechanics [Zhang et al., 2018; Lin et al., 2018]. Thus, in later studies for the contact
mechanism of joint surfaces, the constraints of elastic deformation assumption for
asperities were removed. For example, Chang et al. [1987] proposed to study the
deformation of asperities by the principle of volume conservation and established an
elastic-plastic model for the contact of rough surfaces contact model (CEB model).
The drawbacks of the CEB model are that it ignores the elastoplastic deformation
of asperities and the contact load changes abruptly at the critical yield point. In
another eﬀort, Zhao et al. [2000] developed a new (ZMC) model based on contact
mechanics, dividing the deformation of asperities into three stages: elastic, elastoplastic and fully-plastic stage. Kogut and Etsion [2003] further improved the CEB
model mentioned before. In their study, the ﬁnite element method (FEM) was used
to investigate the contact behaviors between a single sphere and a rigid plate, so
as to extract the contact constitutive laws for the relevant regime of deformation
(elastic, elastoplastic and fully plastic regime). In addition, Sun et al. proposed a
new fractal characterization method for rough surface based on the fractal dimension D, fractal roughness G and the highest asperity height, and the deformation mechanism and the deformation state criterion of the asperity were discussed,
respectively [Sun et al., 2018]. The mechanistic variations in rolling resistance forces
due to noncoplanar surfaces and surface roughness were considered, and an experimental apparatus was designed to measure rolling resistance in the practically
imperfect conditions of lightly damped rolling isolation systems [Zehil and Gavin,
2019].
It can be seen from the previous studies that the inﬂuence of adjacent asperities is generally ignored in the rough contact model. However, the contact of an
asperity makes the surrounding region deform, which in turn leads to the shift of
adjacent asperities. The shifting eﬀect of an asperity contact was ﬁrst observed
by Pullen and Williamson [1972]. Then, Chandrasekhar et al. carried out FEM
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analysis to simulate the contact process between rough surfaces, and found that
the interaction between asperities indeed had a signiﬁcant impact on the contact
characteristics of joint surfaces [Chandrasekar et al., 2013]. Jourani proposed a
three-dimensional (3D) deterministic model by considering diﬀerent deformation
processes of the asperity and the asperity interaction, and further analyzed the inﬂuence of asperity interactions on static friction coeﬃcient using this model [Jourani,
2016]. Wang et al. [2017] built a contact stiﬀness model with asperity interaction involved, and utilized it to investigate the inﬂuence of asperities on contact
stiﬀness.
Reducing friction and wear of joint surfaces is of paramount importance to
increase eﬃciency and prevents structural failure in many mechanical components
such as machine guideway, bolt joint and tools. For example, a coating layer is
usually deposited on the rough surface of machine guideway to reduce wear. Lu
et al. [2018] investigated the behavior of a coated asperity contacting with a rigid
ﬂat during the loading and unloading processes using the FEM. The eﬀects of the
substrate hardening exponent and the coating thickness on its contact behaviors
were simulated. Cao and Niu [2018] have also used the FEM to study the indentation behavior of two-dimensional (2D) materials coated on rough surfaces. On
the other hand, surface waviness has also been taken into account in studying the
inﬂuence of surface roughness on joint surfaces. For example, Halminen et al. [2017]
built a model that included the waviness of bearing surface, and employed it to
study the inﬂuence of friction and surface waviness on the contact characteristics
of the inner and outer rings of bearings. Chen et al. [2013] investigated the relationship between the spindle unbalance and waviness phenomenon for the problem
of the workpiece waviness. In addition, Gusev and Fomin [2017] measured the 3D
surface topography of the milling cutter surface by a surface proﬁler. Their experimental data showed that the waviness of the treated surface had a strong relationship with the proﬁle milling mode and the design parameters of the cutting
tool.
However, in most of the contact models mentioned above, the eﬀects of surface
waviness and substrate deformation on the contact characteristics of the rough
surface are generally ignored. Therefore, it is desired to develop a rough contact
model that is able to fully consider the inﬂuence of surface waviness and substrate
deformation, so that it can predict the contact behaviors between rough surfaces
accurately. Motivated by this demand, in this work, we propose a new contact model
to more accurately analyze the contact characteristics of joint surfaces by taking
surface waviness and substrate deformation into account. A series of curve ﬁts have
been developed for detailing the inﬂuences of surface waviness, surface roughness
and substrate deformation on the contact characteristics of joint surfaces. The new
model can provide a theoretical reference for the accurate solution of the contact
between rough surfaces.
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2. Characterization of Joint Surface Topography
2.1. Expression of joint surface topography
The morphology of mechanical surfaces can be decomposed into two components:
surface roughness and surface waviness. Surface roughness refers to the surface
with small pitches, tiny peaks and valleys, and the distance between two peaks
or two troughs is generally smaller than 1 mm. Surface waviness is an intermediate
geometry with signiﬁcant periodic ﬂuctuations, which can cause vibration and noise
during the operation of the machine. The surface morphology is usually assumed
to be a rough surface with surface waviness ignored, much diﬀerent from the actual
surface morphology. Thus, as shown in Fig. 1, we propose a new method that
decomposes the surface topography of joint surfaces into a roughness component and
a waviness component. We will analyze the eﬀect of surface roughness and surface
waviness on the contact characteristics of joint surfaces based on this assumption.
Generally, the contact characteristics of a joint surface are aﬀected by the morphology of the individual surface and the composite topography of two contact
surfaces. The combined topography of a joint surface is calculated by summing the
two individual surface proﬁles [Brown and Scholz, 1985]
z(i) = zu (i) + zl (i)

(1)

where zu (i) and zl (i) are the height coordinates of the upper surface and the lower
surface, respectively, and z(i) is the height coordinate of the combined topography.
Please note that for extreme cases where the waviness changes rapidly, Eq. (1)
is no longer valid. Therefore, we investigate the contact of the rough surfaces with
waviness under the general case. By using Fourier series [Xia et al., 2003], the height
coordinate z(i) of the combined topography can be written as




N 

2πmi
2πmi
a0
+
(2)
am cos
+ bm sin
+ εr (i)
z(i) =
2
N
N
m=1
where εr (i) is a roughness component, N is the total number of sampled data
points, m, i are natural numbers, a0 , am , bm are the coeﬃcient of Fourier series,
N
2 N
2πmi
2 N
2πmi
a0 = N2
i=1 z(i), am = N
i=1 z(i) cos( N ) and bm = N
i=1 z(i) sin( N ),
we take a0 = 0 in this work. When there is only one periodic component m = h in

Fig. 1.

Joint surface morphology and its components.
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the combined topography of a joint surface, Eq. (2) can be expressed as [Xia et al.,
2003]




2πhi
2πhi
z(i) = ah cos
(3)
+ bh sin
+ εh (i)
N
N
Equation (3) can be simpliﬁed as

εh (i) = z(i) − ch cos =

2πhi
+ ϕh
N


(4)

where ch = sqrt(a2h + b2h ) is the amplitude of the cosine function, ϕh = arctan(−ah /
bh ) is the angle of amplitude of the cosine function.
2.2. Topographic features of roughness components
The morphology of a joint surface has a fractal characteristic, and fractal geometric
parameters (D and G) with self-similarity and size independence can be utilized to
characterize the proﬁle of the rough surface [Majumdar and Bhushan, 1991], where
D is the fractal dimension, which can be adopted to describe the irregularity of the
surface proﬁle on all scales, but cannot determine the size of the surface proﬁle. G
is the fractal scale parameter, which can be used to characterize the magnitude of
the proﬁle and determine its speciﬁc size. To obtain the unique surface parameters
including the standard deviation of asperity heights (σ), average radius of curvature
(β) and areal density of asperities (η), the roughness component mentioned above is
treated as a time series using a structure function that is the incremental variance of
the rough proﬁle curve. The time series with fractal features can make the structure
function of the sampled data satisfy the condition
f (τ ) = ψG2(D−1) τ 4−2D

(5)

where ψ is a dimensionless value, ψ = {Γ(2D − 3) sin[(2D − 3)π/2]}/[(4 − 2D)lnγ],
D is the fractal dimension, G is the fractal roughness coeﬃcient, τ is the minimum sampling interval, Γ is the gamma function, γ is the spectral density of the
scale parameters and γ = 1.5. Taking logarithms on both sides, Eq. (5) can be
simpliﬁed to
y0 = k0 x + C1

(6)

where y0 = lg f (τ ), k0 = 4 − 2D, x = lg(τ ), C1 = lg ψ + 2(D − 1)lg G. The values
of D and G are obtained by
D=

4 − k0
,
2

G = 10[C1 −lg(

Γ(2D−3) sin[(2D−3)π/2]
)]/[2(D−1)]
(4−2D) ln γ

(7)

Then, the roughness surface can be characterized by the zero-order moment, the
second-order moment and the fourth-order moment of the power spectral function
1950079-5
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as [Cheng and Shen, 2001]
 ωh
m0 =
Φ(ω)dω =
ωl



ωh

m2 =

G2(D−1)
4(2 − D) ln γ

ωh

m4 =

−

1
(4−2D)
ωh

ω 2 Φ(ω)dω =

G2(D−1)
(2D−2)
(2D−2)
[ω
− ωl
]
4(D − 1) ln γ h

ω 4 Φ(ω)dω =

G2(D−1) 2D
[ω − ωl2D ]
4D ln γ h

ωl



1
(4−2D)
ωl

ωl

(8)

(9)
(10)

where Φ(ω) = [G(2D−2) ]/[2ω (5−2D) ln γ] is the power spectral function, m0 , m2
and m4 are the zero-order moment, the second-order moment and the fourth-order
moment, respectively. ωh and ωl are the upper and the lower limits of the spectral
bandwidth, respectively. ωl = 1/L and ωh = 1/τ , where L represents the sampling
length. Thus, the topography parameters η, β and σ of the roughness component
can be obtained as
m4
√
(11)
η=
6π 3m2
β = 0.375

σ=

π
m4


0.8968
1−
m0
α

(12)

(13)

where σ is the standard deviation of asperity heights, β is the average radius of
curvature, η is the areal density of asperities and α = (m0 m4 )/m22 is a dimensionless
value.
3. Contact Model of Joint Surfaces
3.1. Contact model for asperity
A rough surface can be treated as a substrate with many asperities. When a rough
surface is coated with a speciﬁc material, there will be a diﬀerence between the
material properties of the substrate and the asperity, which may aﬀect the contact
characteristics of the joint surfaces. Therefore, it is necessary to ﬁrst calculate the
deformation of the substrate and the asperity, respectively, so that the normal deformation of the joint surface can be obtained. It should be noted that in this work,
the eﬀects of coating thickness and the tangential load are ignored to simplify the
model. Figure 2 shows schematic illustration for the contact model of an asperity.
The asperity is approximated as a sphere, and the contact force can be obtained
from the Hertz theory as
F =

4 ∗
E
3 a

βδa3/2
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Fig. 2.

Contact model for an asperity.

where δa represents the normal displacement of asperity, β is the average radius of
curvature, Ea∗ = Ea /(1 − υa2 ) is the equivalent modulus of elasticity of the asperity,
υa and Ea are the Poisson’s ratio and elastic modulus of asperity, respectively.
Therefore, the contact stiﬀness of an asperity can be expressed as
dF
= 2Ea∗ βδa
(15)
dδa
We assume that the contact area of an asperity with the substrate is a circular
shape with a radius of rb , which can be obtained by the radius of an asperity β and
the height of an asperity ha
ka =

rb =

(2β − ha ) × ha

(16)

Then, the normal displacement of the surface is expressed as [Lee et al., 2009]
Uz (r) =
P0 =

πP0
(2rb2 − r2 ) (0 ≤ r ≤ rb )
4Eb∗ rb

(17a)

3 F
2 πrb2

(17b)

where Eb∗ = Eb /(1 − υb2 ) is the composite elastic modulus of the substrate, r is the
radial distance from the center of the contact region, υb and Eb are the Poisson’s
ratio and the elastic modulus of the substrate, respectively, and P0 is the maximum contact pressure. Based on the equilibrium conditions, the deformation of the
substrate can be expressed as
δb = Uz (0) =

πP0
× rb
2Eb∗

(18)

Combining Eqs. (17) and (18), the stiﬀness of the substrate is obtained as
kb =

dF
8
= rb Eb∗
dδb
3
1950079-7

(19)

November 28, 2019 17:15 WSPC-255-IJAM S1758-8251 1950079

Int. J. Appl. Mechanics 2019.11. Downloaded from www.worldscientific.com
by MASSACHUSETTS INSTITUTE OF TECHNOLOGY (MIT) on 05/01/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

L. Li et al.

The total displacement of the system δ is equal to the sum of the displacement of
an asperity δa and the displacement of the substrate δb . The equivalent stiﬀness
k1 is expressed as 1/k1 = 1/ka + 1/kb . However, based on the principle of force
interaction, we have
k1 × δ = ka × δa = kb × δb
δ = δa + δb

(20)
(21)

With Eqs. (14), (17), (18) and (21), we can get a formula for δa on δ as
√
3 βEa∗ 3/2
δ
=δ
δa +
4rb Eb∗ a

(22)

Then, Eq. (22) can be rewritten as
δa = f (δ)

(23)

let κ = Ea∗ /Eb∗ , ξ = 3 × sqrt(R)/(4rb ), then
δa =

δ
√
1 + κξ δa

(24)

where R is the curvature radius of the waviness component of the joint surface near
the contact area, κ is the ratio of the composite elastic modulus of the asperity to
the bulk substrate, ξ is the geometrical parameter.
Treating δa as a function of δ, Eq. (24) can be further expressed as
g(δ) =

δ
1 + κξ

g(δ)

(25)

Using the ﬁxed-point iteration method, an approximate solution to Eq. (25) can be
obtained as
δ
(26)
gn+1 =
√
1 + κξ gn
For simplicity, the initial point is set as ξ = 1, then
g0 =

δ
1+κ

(27)

Therefore, the iterative process is calculated as
g1 =

δ
√ ,
1 + κξ g0

g2 =

δ
δ
√ , . . . , gn+1 =
√
1 + κξ g1
1 + κξ gn

(28)

where n = 0, 1, . . . , ∞. After the calculation, the solution to Eq. (28) can be replaced
by two iterations as follows:
δ

δa =
1 + κξ

√δ
1+κξ δ/(1+κ)
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(a)

(b)
Fig. 3. Comparison of numerical and approximate solutions with diﬀerent parameters. (a) The
inﬂuence of physical parameter (κ) on the deformation of an asperity. (b) The inﬂuence of geometrical parameter (ξ) on the deformation of an asperity.

Figure 3 presents the relationship between asperity deformation and applied displacement. As shown in Fig. 3(a), the asperity deformation decreases with the
increasing of the elastic modulus of the asperity (κ > 1), indicating that substrate
deformation dominates the contact deformation. In addition, as shown in Fig. 3(b),
a smoother surface (larger ξ values) will generate smaller deformation in the asperity. Thus, it can be seen that the substrate deformation plays an important role
in the contact behaviors of joints when a coating layer is applied onto a contact
surface.
1950079-9
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Fig. 4.

Schematic illustration for the contact between a waviness and a rough surface of a joint.

3.2. New contact model with surface waviness
As shown in Fig. 4, a joint surface is treated as a contact between a rough surface
and a smooth waviness [Xia et al., 2003]. The following assumptions are used in
this model: (1) Only the contact between the rough surface and a single waviness
peak is considered when studying the joint surface with periodic waviness. If there
are N1 waviness peaks in the nominal contact area, the load on each peak is split
as P = F/N1 when compressed by a normal load F . (2) Both the waviness and
the roughness are assumed to be isotropic. The waviness peaks are spheres with
a curvature radius R at the contact region. (3) The deformations of the asperities
and waviness peaks follow the elastic theory and are not aﬀected by the frictional
forces. (4) The asperity heights follow the Gaussian distribution function f (z). A
circular contact area of a radius a is formed when subjected to a normal load P .
Then, the contact deformation of joint surfaces δn can be expressed as
r2
+ u(r) + ω(r)
(30)
2R
where r is the vertical distance from any point of the contact area to the center
of the contact circle, u(r) is the deformation of the asperity, ω(r) is the elastic
deformation of the waviness peak.
There is no contact between the waviness peak and the rough surface at r ≥ a,
so the deformation of joint surfaces is expressed as
δn =

δn =

a2
+ ω(a)
2R

1950079-10
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Combining Eqs. (30) and (31), we can get the deformation of an asperity
u(r) =

a2 − r 2
+ ω(a) − ω(r)
2R

(32)

Based on the elastic theory, the deformation of the waviness peak is calculated as

1
ω(r) =
q(r)dsdϕ
(33)
πE 
where q(r) is the distribution of the compressive stress on the contact surface,
E  = E/[2(1 − v 2 )] is the equivalent elastic modulus, r is the distance from the
contact center, E is the elastic modulus, v is Poisson’s ratio of the material. In this
paper, the pressure distribution curve of the contact area is assumed as [Xia et al.,
2003]
y=

x2

8b3
8b3
− 2
2
+ 4b
a + 4b2

(34)

where a is the radius of the circular contact area, b is the radius of basic round of
special curve. If the contact pressure in the center of the contact area is assumed
as q0 , then the distribution of the contact pressure can be expressed as


8b3
q0
8b3
q(r) =
− 2
(35)
a0 r2 + 4b2
a + 4b2
let q(0) = q0 , a0 = 2a2 b/(a2 + b2 ), according to the force equilibrium conditions, the
applied load P is equal to the sum of the pressure applied on the contact surface


8b3
q0 a 8b3
−
πdr2
P =
q(r)dA =
a0 0 r2 + 4b2 a2 + 4b2
  2


a + 4b2
q0
a2
= 8πb3 ln
(36)
−
2
2
2
4b
a + 4b
a0
2

2

2

a0 P
+4b
a
Let c = ln( a 4b
) − a2 +4b
2
2 , q0 = 8πb3 c , and substituting q0 , a0 into Eq. (35), the
distribution function q1 (r) of the compressive contact pressure can be written as


1
P
1
q1 (r) =
−
(37)
πc r2 + 4b2 a2 + 4b2

Further, substituting Eq. (37) into Eq. (33), the deformation of the waviness peak
can be simpliﬁed to

⎞
⎛
1
2
2
a − r sin ϕ ⎟
 π/2 ⎜arctan
2b
2P
⎜
⎟
(38)
ω(r) = 2 
⎜
⎟ dϕ
⎝
⎠
π E bc 0
2b
2
2
− 2
a − r sin ϕ
a + 4b2
1950079-11
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From the GW model, the distribution q2 (r) of the contact pressure can be written
as
 u(r)
4 
(u(r) − z)3 f (z)dz
(39)
q2 (r) = E η β
3
0
where η is the areal density of asperities, β is a mean curvature radius of asperities, and f (z) is the height distribution density function of asperities on the rough
surfaces. From Sec. 2.1, the applied displacement can be expressed as
δ =z−d

(40)

where z is the asperity height, d is the distance between the mean line of asperity
heights with the rigid plane.
If we take the substrate deformation into account, an asperity deformation δa
can be expressed as
(z − d)

δa = f (δ) = f (z − d) = 
1 + κξ

1+κξ

√(z−d)



(41)

(z−d)/(1+κ)

Substituting Eq. (41) into Eq. (39), the pressure distribution q3 (r) can be expressed
as
 u(r)
4
(f ((u(r) − z)))3 f (z)dz
(42)
q3 (r) = E  η β
3
0
The contact pressure between the asperities and the waviness peak satisﬁes the
equilibrium condition at a particular point

q1 (0) = q3 (0)
(43)
q1 (a/2) = q3 (a/2)
Given initial values for a and b, the q3 (r) and q1 (r) are obtained from Eqs. (32), (37),
(38), (41) and (42), respectively. Finally, Eq. (43) can be solved by the Gauss–Seidel
iteration method.

4. Results and Discussion
4.1. Veriﬁcation of the contact model
In this section, analytical simulations are performed with the proposed model, and
the results are compared with those obtained from experimental measurements and
the GW model. Referring to the surface properties in literature [Lee et al., 2016],
we assume the surface parameters for the numerical calculation as below: the areal
density of asperities η = 25.19 μm−2, the radius of waviness peak R = 300 μm, the
mean curvature radius of an asperity β = 0.66 μm, the standard deviation of asperity
heights σ = 3.43 nm, nominal contact area A = 100 μm2 . Figure 5 shows the results
obtained from our new contact model, the GW model and the experimental data, in
1950079-12
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Fig. 5.

Comparison of the results from diﬀerent models and experiments.

which the slope of the curves is the contact stiﬀness of joint surfaces. It can be seen
that the contact stiﬀness from both the theoretical model and the test increases
with the normal load. The results from the GW model have a signiﬁcant deviation
from the experimental measurements, while the proposed model gives an improved
agreement with the experimental data. This result veriﬁes that the proposed model
can predict the contact characteristics of joint surfaces more accurately. The reason
is that the joint surface is treated as a contact between a rough surface and a more
realistic smooth waviness in proposed model, while the GW model is treated as
a contact between a rough surface and an assumed rigid surface. In addition, the
upper limit of the integral for the pressure distribution in the GW model is inﬁnite,
resulting in an overestimated contact stiﬀness of the joint surface. It is noted that
although the proposed model gives better results than the GW model, it is still
overestimated the experimental data. This diﬀerence is attributed to the fact that
the contact of the asperity and the substrate under normal load will change the
initial position of adjacent asperities and the substrate (Fig. 2). In other words,
there is a strong interaction among the asperities for the contact of rough surfaces,
leading to a lower predicted value of the contact stiﬀness. The inﬂuence of asperity
interaction is out of the current research scope but should be studied in the future.
4.2. Surface topography parameters of samples
The surface topography of a sample (Fig. 6) is measured using a Talysurf surface
proﬁler with a scan size of 20 mm × 20 mm. The minimum sampling interval of the
surface proﬁler is 0.25 μm, and the sampling length is 3 mm. The roughness of the
samples is 0.3995, 2.0354 and 6.5296 μm, respectively. The red lines (1, 2, 3) in Fig. 6
are the sampling trajectory of the surface proﬁle.
Figure 7 presents the structural function of the three rough surfaces. As shown
in Fig. 7(a), three sets of surface proﬁle data are measured on a rough surface
1950079-13
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Fig. 6.

Fig. 7.
Specimen and measuring position.

(a)
(b)

(c)

Structure functions of three rough surfaces.
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Ra = 0.3995 μm, and then three sets of structure functions can be obtained by
substituting the measured proﬁle data into Eq. (5). The slope (k) and intercept (C1 )
of the ﬁtted curves of each structure function can be used to calculate the fractal
parameters (D1 , D2 , D3 , G1 , G2 , G3 ) by Eq. (7). After that, the fractal parameters
(D, G) of the rough surface Ra = 0.3995 μm can be obtained by averaging the three
sets of fractal parameters solved above, i.e., D = (D1 + D2 + D3 )/3 = 1.4216,
G = (G1 + G2 + G3 )/3 = 2.1062 × 10−6 mm. Similarly, we can obtain fractal
parameters for the other two surfaces, respectively. When Ra = 2.0354 μm, we
obtain D = 1.2551, G = 1.4360 × 10−7 mm. When Ra = 6.5296 μm, we get D =
1.1747, G = 1.2322 × 10−8 mm. Finally, the rough surface parameters are obtained
and shown in the following two tables. Table 1 shows the fractal parameters for
diﬀerent rough surfaces. Table 2 shows the spectral moments (m0 , m2 , m4 ) and the
surface topography parameters (η, β, σ) for the three surfaces.
4.3. Eﬀects of waviness and roughness
Figure 8 shows the relationship between the contact deformation and the normal load for diﬀerent waviness peaks with diﬀerent curvature radii for 20CrMo
in Table 2. It can be seen that the deformation of joint surfaces increases with the
normal load applied. When the normal load is constant and the contact deformation
is less than 2 μm, the inﬂuence of the radius of the waviness peak on the contact
deformation is negligible. However, the deformation of the joint surface decreases
as the radius of the waviness peak when the contact deformation is larger than
2 μm. The joint surface with R = 100 μm has the largest deformation, while the
joint surface with R = 300 μm has the smallest deformation. This is because in the
early stage of contact, fewer asperities are in contact and the radius of the waviness
peak has little eﬀect on the contact area. As the load increases, more asperities
come into contact with the surface. Thus, a larger radius of the waviness peak will
lead to smaller waviness amplitude, resulting in a larger contact stiﬀness of the
Table 1.
Ra (μm)
0.3995
2.0354
6.5296

Fractal dimension D

Fractal roughness coeﬃcient G (mm)

D1

D2

D3

G1

G2

G3

1.3908
1.2874
1.1783

1.3671
1.2102
1.1730

1.5070
1.2677
1.1727

6.6440e−7
2.3733e−7
1.6486e−8

4.5597e−7
7.1925e−9
1.4198e−8

5.1981e−6
1.8629e−7
0.6282e−8

Table 2.
Ra (μm)

Spectral moments and surface topography parameters.
Spectral moments

m0
0.3995
2.0354
6.5296

Fractal parameters for diﬀerent surface roughnesses.

(μm2 )

62.1239
1.3724e3
7.8958e3

M2 (−)
0.0260
0.0532
0.1062

Surface topography parameters

m4

(μm−2 )

0.1236
0.1746
0.2626
1950079-15

η (μm−2 )

β (μm)

σ (μm)

0.1454
0.1004
0.0757

1.8903
1.5908
1.2972

7.8816
37.0417
88.8306
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(a)

(b)

(c)
Fig. 8.

The normal load-deformation curves for waviness peaks with diﬀerent curvature radii.

joint surface. In addition, as shown in Figs. 8(b) and 8(c), the surface roughness
aﬀects the contact characteristics of the joint surfaces directly. Taking R = 100 μm
as an example, when the applied normal load reaches 30 mN, the contact deformation of the joint surface with a surface roughness of Ra = 2.0354 μm is in the
range of 0.6 < δ < 0.7 μm, but the contact deformation for the surface roughness
of Ra = 0.3995 μm is around 0.3 < δ < 0.4 μm. This demonstrates that a smoother
joint surface gives larger contact stiﬀness of the joint contact, leading to a smaller
deformation.
The eﬀect of surface roughness on the contact characteristics of the joint surface is illustrated in Fig. 9. The relationship between the contact load and the
deformation of these three samples having diﬀerent roughnesses are measured at
R = 100 μm. It is observed that the deformation increases with the surface roughness when the normal load is constant. The contact stiﬀness (ΔF/Δδ) of the surface
can be extracted from the slope of the curve. It is shown that the joint surface with
1950079-16
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Fig. 9.

The normal load-deformation curves with diﬀerent roughnesses of the contact surface.

a roughness of Ra = 6.5296 μm has the smallest contact stiﬀness, while the joint
surface with a roughness of Ra = 0.3995 μm has the largest contact stiﬀness. This
is mainly because a rougher surface has a larger asperity dimension, and thus a
smaller number of asperities per unit area. As shown in Fig. 4, when the radius of a
waviness peak is kept as a constant, the real contact area will depend on the number
of asperities in contact with the waviness peak. Therefore, a smoother surface will
have larger real contact area at the interface, and then generates a greater contact
stiﬀness of the joint surface. In engineering practice, if the radius of waviness peaks
cannot be changed, an alternative method is to increase the surface contact stiﬀness
by reducing its surface roughness.
Figure 10 describes the relationship between the real contact area and the contact deformation of a joint surface with diﬀerent curvature radii of waviness peak.
It can be seen that the real contact area is approximately linear related to the
contact deformation, and a larger contact deformation will lead to larger contact
area. When the contact deformation is constant, the real contact area increases
with increasing radius of waviness peak. It is obvious that the real contact area
of the joint surface with a roughness of Ra = 6.5296 μm is the smallest while the
joint surface with a roughness of Ra = 0.3995 μm is the largest. This phenomenon is
attributed to the fact that the number of asperities in the contact area decreases with
the increasing surface roughness, resulting in a decreased contact area of the joint
surface.

4.4. Eﬀects of substrate deformation
The deformation of the joint surface is aﬀected not only by the deformation of an
asperity, but also by the deformation of the substrate (the deformation caused by
1950079-17

November 28, 2019 17:15 WSPC-255-IJAM S1758-8251 1950079

Int. J. Appl. Mechanics 2019.11. Downloaded from www.worldscientific.com
by MASSACHUSETTS INSTITUTE OF TECHNOLOGY (MIT) on 05/01/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

L. Li et al.

(a)

(b)

(c)
Fig. 10.
peak.

The real contact area-deformation curves with the diﬀerent curvature radii of waviness

the deformation of asperities). Figure 11 illustrates the relationship between the
normal load and the deformation obtained from diﬀerent models. To thoroughly
examine the inﬂuence of the substrate on the contact characteristics of a joint surface, three samples, with diﬀerent roughness of 0.3995, 2.0354 and 6.5296 μm, are
selected for the comparison. The curves presented in the ﬁgures are calculated by
the GW model, the proposed model in Sec. 3 with and without considering the
deformation of substrate. The slope of the curve denotes the contact stiﬀness of
the joint surface. From Fig. 11, it can be seen that the inﬂuence of substrate on
the deformation calculation is signiﬁcant for all the surfaces with diﬀerent values of
roughness. In Fig. 11(a), the GW model gives the maximum contact stiﬀness, while
the proposed model with substrate deformation considered gives the minimum contact stiﬀness when the normal load is ﬁxed. This result can be explained that in
1950079-18

November 28, 2019 17:15 WSPC-255-IJAM S1758-8251 1950079

Int. J. Appl. Mechanics 2019.11. Downloaded from www.worldscientific.com
by MASSACHUSETTS INSTITUTE OF TECHNOLOGY (MIT) on 05/01/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

A New Contact Model of Joint Surfaces Accounting for Surface Waviness

(a)

(b)

(c)
Fig. 11. The normal load-deformation curves for diﬀerent surface roughness calculated with different contact models.

the new contact model, the normal deformation includes both substrate deformation and asperity deformation, while in the GW model, only the asperity deformation is involved. This leads to an overestimated stiﬀness of the joint surface when
the substrate deformation is ignored. Comparing the three ﬁgures in Figs. 11(a)–
11(c), it can be found that the inﬂuence of the substrate deformation on the contact characteristics of the joint surface increases with decreasing surface roughness.
In addition, the slops (i.e., change rates) of the curves increase with the smoothness, indicating that a smoother surface has a larger contact stiﬀness for the joint
surface.
To investigate the eﬀect of the hardness of coatings on the contact characteristics
of joint surfaces, we take the sample with a surface roughness of Ra = 6.5296 μm
and a radius of the waviness peak curvature of R = 100 μm as an example. Figure 12
shows the relationship between the normal load and the deformation of the joint
surface with diﬀerent κ values, where κ is the ratio of the elastic modulus of the
1950079-19
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Fig. 12.

The normal load-deformation curves with diﬀerent κ values.

asperity to the substrate. From Fig. 12, it can be seen that when the normal load
is F = 30 mN, the joint surface for the case κ = 10 has the smallest deformation,
and the joint surface for the case κ = 1 has the largest deformation. That is, the
contact deformation of the joint surface decreases with the increased hardness of
coatings when the normal load is ﬁxed, while the contact stiﬀness of the joint surface
increases with the hardness of asperities. This may be attributed to the fact that
when the hardness of coating is small, the contact deformation of the joint surface
is dominated by asperity deformation. However, as the κ value (i.e., the hardness of
coatings) increases, the contact deformation is dominated by substrate deformation,
as shown in Fig. 4. Therefore, we will be able to tune the surface contact stiﬀness
by adjusting either the surface roughness or the hardness of the asperity.

5. Conclusions
In summary, we have proposed a new contact model for the rough surfaces of a
joint to analyze their contact characteristics by considering the inﬂuence of surface
waviness and substrate deformation. In this model, the roughness and the waviness of surface topography are decomposed and calculated separately to study the
contact characteristics of joint surfaces. The contact model for a single asperity
is established based on the Hertz theory, with the deformation of the substrate
considered. Numerical results show that compared with other models, the newly
proposed model can more accurately predict the results approaching to the experimental measurements. It is revealed that both the real contact area and the contact
stiﬀness of joint surfaces increase with the radius of the waviness peak. However,
the contact stiﬀness decreases with the surface roughness increasing. In addition,
substrate deformation has signiﬁcant eﬀect on a stiﬀer coating, and a stiﬀer coating
1950079-20
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leads to larger contact stiﬀness of the joint surface. It is concluded that the surface
contact stiﬀness of joints may be improved by adjusting either the surface roughness, the radius of waviness peak or the hardness of surface coating. It is important
to note that the proposed model based on Hertz theory is limited to the analysis
of the joint surface in elastic deformation regime and cannot be used for nonhertz
contact surfaces.
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