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Abstract
This research investigates the dynamic behavior of microelectromechanical systems (MEMS)
containing curved electrodes, under a combined loading of electrostatic force, axial force, mechanical
shock loading and squeeze-film damping (SQFD). The dynamic governing equation of a curved
microbeam (micro-arch) is solved by utilizing a nonlinear finite element method, while the effect of
the fluid film damping on the microbeam is modeled by the nonlinear Reynolds equation. The
response of the micro-arch under different loading conditions and the influence of the MEMS device
parameters on its behavior are studied and discussed in detail. In particular, the snap-through and pull-
in instabilities of the curved microbeam are thoroughly investigated, and the maximum deflections of
the micro-arch subjected to different types of loadings are analyzed. Finally, the phase diagram of the
curved beam under various loading conditions is presented for guiding the design and analysis of the
MEMS in the future.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Electrostatic actuation is one of the most widely used actua-
tion mechanisms in microelectromechanical systems (MEMS)
due to its many desirable merits. Various electrostatic actua-
tors have been proposed for a broad range of applications,
including micro/nanomotors, microswitches, microrelays,

microresonators, micromirrors, micropumps, microvalves and
microfilters [1–6]. These MEMS devices normally consist of
a fixed electrode and a movable electrode, which can be
modeled as a microbeam when the electrode length is far
greater than its width and height. As an electrical voltage is
applied on the electrodes, the movable electrode will deflect
towards the fixed electrode. If the applied voltage exceeds a
critical value, the movable electrode becomes unstable and
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suddenly collapses onto the fixed electrode, i.e. pull-in
instability [7].

Recently, curved micro beams have been introduced in
the design of MEMS based sensors [8], mechanical memories
[9] and electromechanical switches [10]. For the movable
electrode with a curved or arch shape, besides the above
mentioned pull-in instability, snap-through buckling may also
occur when it is subjected to a Coulomb pressure [11]. The
pull-in instability of the curved beam depends on its structural
geometry, mechanical properties and external forces, such as
electrostatic forces and mechanical shock loadings.

Many analytical and experimental studies have been per-
formed on the pull-in instability behaviors of microbeams
subjected to electrostatic loadings. Among many others, Fung
et al investigated the buckling problem of the curved beams
[12], while Poon et al analyzed the nonlinear dynamic
instability of a curved beam under sinusoidal loading and the
irregular movements of the curved beam in the snap-through
were presented [13]. The behaviors of clamped-free microbe-
ams under mechanical shock were also reported in the literature
[14–16]. From these studies, it was found that when the applied
voltage exceeded the pull-in voltage, or when a shock loading
was exerted, the clamped-free microbeam would generate a
considerable deflection, before it got contact with the fixed
electrode. Therefore, linear modeling theories are not applic-
able and accurate for such situations involved large deflections.

Actually, in the dynamic analysis of bistable MEMS,
different kinds of actuations, such as mechanical, thermal,
piezoelectric and electrostatic may be encountered in the
micro arch equipped in these devices [19]. For instance, Song
et al studies the nonlinear stability of a micro curved beam
with a clamped–clamped boundary condition and subjected to
both mechanical and thermal actuations [20]. Das et al
investigated the symmetry breaking, pull-in instability and
snap-through problems of the micro arches under dynamic
loadings [21]. Daneshpajooh et al implemented homotopy
analysis method (HAM) to solve the micro/nano curved
beam equation analytically, which showed a good agreement
with FEM results [22].

Several other researchers investigated the factors that
influence the dynamics of pull-in behavior, like mechanics of
fluid [17] and surface effect [18].

Krylov et al gave the transient solution of a micro arch
subjected to a pulse voltage [23]. Younis et al analyzed the
nonlinear dynamic responses of a micro arch actuated by an
electrostatic force with AC voltage [24]. Furthermore, Medina
et al investigated the behaviors of a curved micro beam, and
demonstrated the transition between two stable equilibria
generated by a tailored two-step time-dependent electrostatic
loading [25]. The analysis of the bifurcation diagrams has
been performed using the reduced-order model (ROM), and
the effects of asymmetric and symmetric mode shapes were
presented in their analysis [26].

Belardinelli et al investigated the static and dynamic
behavior of a MEMS subjected to thermoelastic and squeeze-
film effects [27]. They compared the different sources of
damping and evaluated their relative contribution to the whole
MEMS system. Medina et al studied the symmetric and

asymmetric buckling of a curved microbeam subjected to an
axial prestressing load and transversal distributed electrostatic
force [28, 29]. The experimental results were in good agree-
ment with the theoretical symmetric and asymmetric snap-
through buckling criteria. Yang et al studied the effects of
nonlinear deformation, initial gap and initial rise on the
nonlinear electrodynamic characteristics of initially curved
beams [30]. Medina et al also investigated the latching in
bistable electrostatically actuated initially curved and pre-
stressed beams, based on an ROM resulting from the Galerkin
decomposition with buckling modes of a straight beam as the
base functions [31].

In this article, the stable range of a micro arch in a
MEMS device has been studied. In the modeling of the micro
arch, different loading conditions are applied and their effects
on the structural parameters of the arch are analyzed,
including axial loading, mechanical shock, electrostatic force,
and squeeze-film damping effect (SQFD). To solve the non-
linear governing equation for the dynamics of the micro arch,
nonlinear finite element method (FEM) is utilized in this
study and the regarding formulations are derived. The results
are depicted and discussed in section 4.

2. Modeling and formulations

As shown in figure 1, a micro-arch is considered in the fol-
lowing analysis. The width, length and thickness of the
curved beam are denoted by b, L, and h ,1 respectively, with a
density of r and effective Young’s modulus of E. The max-
imum initial curvature of the curved beam is h, and the initial
curvature shape is expressed by w x .0ˆ ( ˆ) The fixed electrode is
located underneath the micro arch, and the initial gap between
the fixed and movable electrodes is d. To model this curved
microbeam, the electrostatic force, axial load, mechanical
shock and SQFD effect should be taken into account for a
more accurate analysis of the device. Therefore, the govern-
ing equation for the curved microbeam is given as
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Figure 1. Schematic illustration of a curved microbeam (micro arch)
subjected to a combined effect of electrostatic force, mechanical
shock and axial load
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where C0˜ is the SQFD effect applied by the fluid beneath the
micro arch, Ñ is the axial load and F0̃ is the amplitude of
mechanical shock with a profile of g t .(ˆ) In equation (1), the
electrostatic force is assumed to be a combination of AC and
DC voltages and the excitation frequency of W.˜ To reach the
transient response, AC voltage is set to zero and only DC
voltage is considered. For simplicity, V is used instead of VDC

in the analysis. Note that the effect of SQFD is expressed by
the nonlinear Reynolds expression. However, it is noted that
modeling the behavior of the fluid between the two electrodes
is appropriate for the beams with large length–thickness ratios
(L h1 ) [28].

Considering the following dimensionless parameters,
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the movement of a beam in the vertical direction can be
expressed as a non-dimensional equation
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the non-dimensional coordinate x and time t, respectively.
The boundary conditions for the curved microbeam can

be expressed as
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The mechanical shock is applied to the structure through its
supports (base excitation). This base excitation can be

modeled as a shock acceleration applied to the structure like a
distributed force, as shown in figure 1.

The microstructure shown in figure 1 is subjected to a
shock, with the amplitude of F0 and the shape of g t .( ) An
acceleration (a) is used to represent for the shock pulse
applied on the support ( r=F a bh0̃ ). The profile g t( ) is
assumed as a half-sinusoidal impact, sawtooth or rectangular
pulse, as illustrated in figure 2.

The function for describing the pulses in a duration of T
can be expressed as
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where T, u t( ) and r t( ) are the shock duration, the unit step
function and the unit ramp function, respectively.

3. The FEM

The strong nonlinearity and coupling effect of coupled
domains in equation (3) make the analytical solution of the
problem very challenging. Thus, nonlinear finite element
method is chosen to study the dynamic solution of the model
[32–38]. Herein, to obtain a FEM using Galerkin expansion,
the solution is approximated as
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where f xi ( ) are the shape functions, and can be expressed with
element coordinates z as
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With the shape function f xi ( ) and equation (9), the discretized
finite element model for equation (3) is derived as

+ + =M W C W K W F 11e e e e e e e[ ]{ ̈ } [ ]{ } [ ]{ } [ ] ( )

where the dots denote the derivatives with respect to normal-
ized time. Also M ,e[ ] C ,e[ ] Ke[ ] and Fe[ ] are the mass, damping,

Figure 2. Shock profiles of the g(t): (a) rectangular, (b) half
sinusoidal, (c) sawtooth.
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stiffness and force matrices for each element and are calculated
by using
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e Xe are the nodes reaction, and the element domain.

Also, the primes denote the derivatives with respect to the
normalized parameter x. Ns is given as
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In the finite element model, the six-point Gaussian method
is utilized to increase the calculation speed. After calculation of
the integrals for each element, the global matrices are assem-
bled for the micro arch (equation (11)). The Newmark method,
constant-average acceleration method, is employed for itera-
tions in each time step. In our implementation, the solution is
calculated in consecutive time steps due to the nonlinearity. By
employing the Newmark method in each time step, the solution
for the new step is obtained by calculating the mass, damping,
stiffness and force matrices, and also using the solutions of the
previous time steps. The convergence of the solution is affected
by the size of the time step and should be chosen appro-
priately [32].

4. Results and discussion

4.1. Validation of the model and numerical method

To validate our model and the proposed numerical imple-
mentation, the results for a micro arch-shaped beam calcu-
lated in this study are compared with previous studies
reported in literature. The parameters of the micro arch-
shaped beam used in the following analysis are L=1000 μm,
h1=2.4 μm, b=30 μm, h=3.5 μm, d=10.1 μm, E=
166 GPa, r=2332 -kg m .3

As shown in figure 3(a), the time history of the midpoint
displacement of the beam is compared with the values
reported in [36], in which only electrostatic force was applied.
The results are in good agreement with data from [36]. The
selected parameter values are a = 121.5, which is equivalent
to the stretching parameter a = 121.51 and =h 1 3/ (ratio of
initial curvature to initial gap distance). In addition, b refers
to a ´ Vdc2

2 and varies from 100 to 218.3, and a2 is equal
to 0.0225.

In addition, a micro arch subjected to both mechanical
shock and SQFD is analyzed for comparison with those
presented in [39]. Figure 3(b) shows that the results calculated
by our method are in very good agreement with the previous
results under combined loading conditions. Note that the
following properties are selected in the calculation:

m=L 900 m, m=b 100 m, m=h 1.5 m,1 m=d 2 m,

Figure 3. Comparison of the time histories of the displacements at
the midpoint of a micro arch-shaped beam calculated by the new
method and reported in the literature [36, 39]. (a) The microbeam
subjected to electrostatic force only, and (b) Both mechanical shock
and SQFD are considered. (c) Maximum deflection of the curved
microbeam as a function of DC voltage.
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=F 1000 g,0̃ =T 1 ms, =E 169 GPa, r = -2332 kg m ,3

=h 0 [39].
For simplifying the analysis and discussion of the effects

of differenet loading condition on the dynamic response of the
curved beams, it is important to determine its pull-in voltage
and snap-through voltage. In this regard, we first remove all
other loading conditions except the applied voltage, and
change the DC voltage from 0V to 100V to examine the
response of the beam. As shown in figure 3(c), the non-
dimensional maximum deflection of the system as a function
of voltage demonstrates that the snap-through voltage is
around 80V, while the pull-in voltage is about 95V. Thus, in
the following discussion, we will choose 40V and 70V as the
two voltages which are lower than the snap-through voltage,
and 90V and 94V as the voltages above the snap-through
voltage.

4.2. Effect of SQFD

Figure 4 shows the time history of the maximum midpoint
deflection of the micro arch subjected to electrostatic force
with or without SQFD. The time history responses are
obtained for a micro arch actuated by an electrostatic force
under different input voltages of 70 V (lower than the snap-
through voltage), 90 V (above the snap-through voltage) and
94 V (above the snap-through voltage). By comparing
figure 4(a) and figure 4(b), it can be concluded that the beam
with a damping effect of = ´ -C 3 100

18˜ shows a much
smaller maximum deflection at the midpoint. Also, it has an
increased snap-through voltage and pull-in voltage
(figure 4(b)). This phenomenon indicates the importance of
the squeeze film damping in MEMS devices. Figure 5(a)
shows the maximum deflection of micro arch under a com-
bined loading of electrostatic force and shock load. The
mechanical shock is applied as =T 0.1 ms and =F 3000 g0̃ ,
and the applied voltages are 40 V, 70 V, 90 V and 94 V.
Comparing with the cases without mechanical shock, it is
obvious that for beams with an applied mechanical shock, a
decline in the snap-through and the pull-in voltages can be
expected. Furthermore, by applying a fluid damping effect of

= ´ -C 3 10 ,0
18˜ as depicted in figure 5(b), the displacement

will significantly reduce and the system pull-in instability
voltages will be increased.

4.3. Effect of axial load

Figure 6 presents the maximum deflection of the micro arch
as a function of non-dimensional time for two different vol-
tages, 70 V (lower than snap-through voltage) and 90 V
(above the snap-through voltage), and subjected to different
axial loads (30 N, 0 N and −30 N). It can be seen from
figure 6 that the axial force has a significant effect on the
maximum deflection of the curved beam. A tensile force
could dramatically reduce the pull-in instability of the curved
beam, while a compressive force will enhance the probability
of the pull-in instability. On the other hand, for voltages
higher than the snap-through voltage, tensile force will greatly
decrease the deflection of the beam and also reduces the snap-
through voltage.

The proposed model in this work is able to handle even
more complex situations with a combined effect of SQFD,
mechanical shock and axial force as well as the applied
voltage. Taking the loading parameters =T 0.1 ms,

=F 3000 g,0̃ =N 30 and = ´ -C 3 100
18˜ as an example, we

have calculated the dynamic response of the curved beam and
the results are shown in figure 7. It can be observed that under
voltages smaller than the pull-in voltage, snap-through
phenomenon occurs due to tensile axial load and large shock
amplitude. However, for voltages higher than the snap-
through voltage, tensile axial load reduces the maximum
deflection; therefore, tensile axial load and the damping effect
prevent the pull-in instability. As a result, the pull-in voltage
is 106 V for this case.

4.4. Effect of mechanical shock

The effect of mechanical shock is concerned in practical
applications. In this section, the maximum deflection and
pull-in voltage of a curved microbeam is studied by the
proposed model. Figures 8(a)–(c) present the maximum
deflection of the micro arch as a function of non-dimensional

Figure 4. The maximum deflection of a micro arch under electrostatic force as a function of non-dimensional time: (a) without SQFD,
(b) considering SQFD.
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time for half sinusoidal shock with magnitude of 3000 g. It
can be seen that as the frequency decreases, the pull-in
voltage increases. Figures 8(d)–(f) show the variation of the
maximum deflection of the micro-arch under different

magnitudes of the mechanical shock, which are the common
values encountered in MEMS devices. As expected, higher
shock loadings will lead to a much lower pull-in voltage and
will result in early occurrence of snap-through and pull-in.
Additionally, we have also investigated the effect of the shock
functions on the response: half sinusoidal, rectangular and
sawtooth. Figures 8(g)–(i) show the results obtained by
applying a half sinusoidal shock, a rectangular shock and a
sawtooth shock with the same magnitude of 3000 g and in
time interval of T=0.1 ms. It can be observed that compared
to a half sinusoidal shock, a rectangular shock will reduce the
pull-in voltage. On the other hand, as shown in figure 8(i), the
sawtooth shock generates responses very similar to the half-
sinusoidal shock.

4.5. Comparing the effect of different factors

In this section, the combined effects of different loading
conditions (electrostatic force, SQFD, mechanical shock and
axial force) on the maximum deflection of the micro arch are
discussed. Figure 9(a) shows the maximum deflection of a
micro arch under different applied voltages but without an
axial force. The results are presented for different shock
amplitudes within the same time duration of =T 0.1 ms. By

Figure 6. The maximum deflection of a micro arch as a function of non-dimensional time for two different voltages and subjected to different
axial loads: (a) 70 V, (b) 90 V.

Figure 5. The maximum deflection of a micro arch under electrostatic force and shock load as a function of non-dimensional time: (a) without
SQFD, (b) Considering SQFD.

Figure 7. The time history of the maximum deflection of a curved
microbeam subjected to a combined effect from SQFD, mechanical
shock, axial force and electrostatic force.

6
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comparing with the two sets of results without damping
effect, it can be found that larger shock magnitude will gen-
erate instability at smaller voltages. Under SQFD effect with
high damping coefficient, the snap-through or pull-in will not
happen even if the applied voltage is very large (higher
than 100 V).

Figure 9(b) displays the maximum deflection of the
curved microbeam versus the applied shock amplitude. From
the results, it can be seen that if the electrostatic forces are
large enough, the snap-through instability occurs even by
imposing small shock amplitudes (or even in no shock
situation). However, if the applied voltage is lower than the
critical pull-in instability, more significant shock magnitude
(e.g. A0>20 000) will be required for pull-in instability.
When the fluid damping is large enough, the instability will
not take place and the arch will be in a stable state. The
damping effect leads to an increase in the required shock
amplitude for the occurrence of these instabilities. Figure 9(c)
presents the variation of the maximum deflection of the micro
arch as a function of the damping parameter. The mechanical
shock has a time duration of T=0.1 ms. It can be seen that
the maximum deflection of the microbeam will dramatically

reduce as the SQFD coefficient increases which means that
the SQFD effect increases the pull-in voltage. As shown in
figure 9(d), a compressive axial force can easily trigger the
system to be unstable. However, a tensile axial force leads to
a constant maximum deflection of the microbeam.

4.6. Phase diagram

The phase portraits of the micro arch, i.e. the midpoint
velocity of the micro arch versus its deflection, are presented
in figure 10. As it is shown, for the case which only considers
the electrostatic force, the phase diagram has harmonic
behavior with same amplitude in all cycle for voltages lower
than its snap-through voltage. On the other hand, for voltages
higher than the snap-through voltage, the harmonic motion is
presented with two stability points in each cycle. By con-
sidering SQFD effect, previous behaviors will convert to
convergent curves for both voltage 70V (lower than the snap-
through voltage) and 90V (higher than the snap-through
voltage). By considering mechanical shock effect, different
velocities of micro arch in each deflection value till
approaching to harmonic motion can be seen figure 10(c).
Finally, applying mechanical shock and squeeze film

Figure 8. The maximum micro arch deflection as a function of non-dimensional time for half sinusoidal shock with the value of 3000 g:
(a) T=0.05 ms, (b) T=0.1 ms and (c) T=0.5 ms. The maximum micro arch deflection as a function of non-dimensional time for half
sinusoidal shock with T=0.1 s: (d) =F 1000 g0̃ , (e) =F 3000 g0̃ and (f) =F 10 000 g.0̃ The maximum micro arch deflection as a function
of non-dimensional time for a shock value of 3000 g and T=0.1 ms: (g) half sinusoidal shock, (h) rectangular shock and (i) sawtooth shock.
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Figure 9. The maximum deflection of a curved micro arch under complex loading conditions: (a) as a function of DC voltage, (b) as a
function of the shock parameter, (c) as a function of the damping parameter and (d) as a function of axial force.

Figure 10. The phase diagram of a micro arch with electrostatic force applied: (a) electrostatic force is applied, (b) both electrostatic force and
SQFD are applied, (c) electrostatic force and shock load are applied and (d) electrostatic force, SQFD and shock load are applied.
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damping will remove the snap-through curves which will
result in jumping to damped vibration after snap-through. It is
worth mentioning that coming close to pull-in voltage, will be
set as the saddle-node bifurcation in each curve but in dif-
ferent regions.

5. Conclusion

In this research, the dynamic behaviors of a curved microbeam
subjected to combined effects of squeeze film damping,
mechanical shock, electrostatic force and axial force has been
analyzed. The results have shown that mechanical shock sig-
nificantly decreases the pull-in voltage and the snap-through
voltage while the frequency of shock loading has negligible
effect on the variation of pull-in voltage. In addition, the shock
profile has an important role in the pull-in and snap-through
voltages (especially sinusoidal profile). It is indicated that the
squeeze film damping effect can be set to an appropriate value to
delay or prevent the instabilities of a micro arch, especially in the
case of mechanical shock. In addition, the results also demon-
strate that for voltages lower than the snap-through voltage,
tensile axial force can increase the deflection of the curved
electrode while for voltages higher than the snap-through voltage,
it can decrease the maximum deflection. Also, for voltages under
the snap-through voltage, a compressive force can dramatically
increase the maximum deflection of the micro arch. The results
and conclusions obtained from this study may be used to guide
new designs for MEMS devices consisting micro arches.
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