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This paper investigates the thermal behavior inside skin tissue with the presence of a tumor by solving
the Pennes bioheat equation. We apply the method of approximate particular solutions (MAPS) to sim-
ulate tumor in 3D. The MAPS is a kind of domain-type meshless collocation methods, which has the mer-
its being free of mesh generation and numerical integration. To ensure the interface conditions were
exactly satisfied, an affine space decomposition technique is adopted. After verifying the convergence
of the proposed method, we provide various simulations to the thermal effects inside the skin tissue
due to an arbitrary-shaped tumor, including the location, geometry and size.
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1. Introduction respectively. The other constants, ua, Q are the arterial temperature
The presence of a tumor inside healthy skin tissues makes the
temperature nearby increases [1–3]. This anomalous thermal
behavior is caused by the relatively highermetabolic heat and blood
perfusion of the tumor in comparison with healthy tissues. By com-
paring the thermograms of normal and infected tissues, such ther-
mal property can be used to detect tumor under the skin tissues.

The well-known Pennes equation [4], which involves the effects
of blood perfusion and metabolic heat generation, is a commonly-
used model for simulating the thermal behavior of skin tissue. Let
uT and uS be the temperature in the tumor and surrounding tissue
respectively. With the presence of a tumor, both temperature dis-
tributions can be modeled by a diffusion-reaction equation:

qc
@

@t
uðx; tÞ ¼ r � kruðx; tÞð Þ þxbqbcb ua � uðx; tÞð Þ þ Q ;x 2 X; t 2 ð0; TÞ:

ð1Þ

where k, q, c denote the constant thermal conductivity, density and
specific heat of the skin tissue, respectively. The parameters xb, qb,
cb denote the perfusion rate, density and specific heat of the blood,
and metabolic heat generation, which are all known quantities.
We are interested in solving the PDE in (1) in some truncated

domains X ¼ XT [XS that include the tumor in XT with sufficient
surrounding of healthy tissue in XS with XT \XS ¼ £. Fig. 1 gives
a schematic demonstration of such computational domains. Let
uT and uS denote the temperature in the tumor region XT and the
healthy tissue region XS, respectively. On the skin/tumor interface,
both temperature and heat flux remain continuous. Hence, the
interface conditions CI ¼ XT \XS that connect the temperature
profiles in the two regions are:

uTðx; tÞ ¼ uSðx; tÞ; x 2 CI; t 2 ð0; T�;
@
@n uTðx; tÞ þ @

@n uSðx; tÞ ¼ 0; x 2 CI; t 2 ð0; T�: ð2Þ

Consider the whole surface of the truncated domain. On the
interior surface facing the body core C1, we simply impose the
Dirichlet boundary condition,

uSðx; tÞ ¼ ua; x 2 C1; t 2 ð0; T�: ð3Þ
We assume the remaining surface of the truncated domain C2 is

insulated to guarantee the continuity of numerical solutions inside
and outside the truncated domain. In practice, the skin surface is
covered with an insulating material large enough to guarantee
the temperature inside the body to reach the steady state and to
avoid the effect from the surrounding environment, namely, we
impose the Neumann boundary condition
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Nomenclature

ð�ÞðnÞ variable at time level n
ð�Þðnþ1Þ variable at time level n + 1
ð�Þv variable in the truncated domain
ð�ÞS variable in health skin tissue domain
ð�ÞT variable in tumor domain
a unknown coefficients in (12)
a unknown coefficient vector in (14)
n RBF centers
b unknown coefficients in (18)
B boundary condition operators
Lv modified Helmholtz operators
N null matrix of B
CI interface boundary
C1 Dirichlet boundary of the truncated domain
C2 Neumann boundary of the truncated domain
k parameter in modified Helmholtz operator
Kv linear operators
x collocation nodes
X truncated domain
xb perfusion rate of blood
XS health skin tissue domain
XT tumor domain
U derived RBFs
/ RBFs
q density of tissue
qb density of blood
s time stepping size
N RBF center set

A known matrix in (17)
B known matrix in (17)
By pseudoinverse matrix of B
C parameter in (19)
c specific heat of tissue
cb specific heat of blood
cMQ MQ-RBF shape parameter
f known vector in (17)
G right handed data generator
g known vector in (17)
h initial boundary conditions
k thermal conductivity of tissue
M number of RBF centers
N number of collocation nodes
p parameter in derived RBFs
Q metabolic heat generation
rj euclidean distance between collocation nodes and RBF

centers
T time instant in Steady-state situation
u temperature
u0 initial temperature
ua arterial temperature
X collocation node set
x normal direction of the skin surface
y one orthogonal direction tangent to the skin surface
z the other one orthogonal direction tangent to the skin

surface

Skin

Body core

ΩT

ΩS

Fig. 1. Schematic diagram of a tumor in XT embedded in healthy skin tissues XS .
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@

@n
uSðx; tÞ ¼ 0; x 2 C2; t 2 ð0; T�: ð4Þ

on both the artificial and skin surfaces. Along with initial conditions,

uTðx;0Þ ¼ hTðxÞ; x 2 XT ;

uSðx;0Þ ¼ hSðxÞ; x 2 XS:

�
ð5Þ

Various numerical methods for solving the above-mentioned
Pennes Eqs. (1)–(5) can be found in the literature. For example,
pseudospectral collocation Chebyshev method [5] for convective
boundary conditions, spectral element method [6] for Pennes bio-
heat transfer, meshless radial basis function collocation method
[7] for heterogeneous heat conduction. However, most of the
above-mentioned researches only consider 2D skin tissues with
regular tumor. The effect of the arbitrary-shaped tumor on the
thermal behavior inside the skin tissue remains unexplored. This
paper focuses on numerical method for solving a 3D Pennes bioheat
equation. To solve this time independent equation with different
materials in multi-connected regions, in Section 2, we propose
using the method of approximate particular solutions (MAPS)
[8,9] to solve the corresponding semi-discretized equation. In order
to guarantee the numerical stability and accuracy in interface con-
dition, an affine space decomposition technique [10] is included in
our numerical implementation. In Section 3, numerical verifications
are given to demonstrate the effectiveness of the proposedmethod.
Then, we simulate the thermal effects of different arbitrary-shaped
tumors inside the skin tissue. Finally, in Section 4, we shall draw
some conclusions based on the numerical simulations.

2. Method of approximate particular solutions and affine-
decomposition

In this section, we propose a numerical method to solve the
Pennes bioheat equation, as defined in (1)–(5), which can be trea-
ted as a PDE with piecewise constant coefficients; for v ¼ fS; Tg, we
consider PDEs in the form of:

@
@t uvðx; tÞ ¼ avDuvðx; tÞ þ bvuvðx; tÞ þ cv; x 2 Xv; t 2 ð0; TÞ;

ð6Þ
with the boundary conditions

uSðx; tÞ ¼ ua; x 2 C1; t 2 ð0; TÞ;
@
@n uSðx; tÞ ¼ 0; x 2 C2; t 2 ð0; TÞ; ð7Þ

with the interface boundary conditions

uSðx; tÞ ¼ uTðx; tÞ; x 2 CI; t 2 ð0; TÞ;
@
@n uSðx; tÞ þ @

@n uTðx; tÞ ¼ 0; x 2 CI; t 2 ð0; TÞ; ð8Þ

with the initial conditions

uvðx;0Þ ¼ hvðxÞ; x 2 Xv; ð9Þ

where av ¼ kv
qc ; bv ¼ �xbqbcb

qc ; cv ¼ xbqbcbuaþQ
qc , and XS \XT ¼ £ and

XS [XT ¼ X in these generalized notations. Their boundaries
@XS ¼ C1 [ C2 [ CI and @XT ¼ CI.
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Our study focuses on a semi-discretized form of (6)–(9), which
can be obtained by some temporal discretization; for example, by
the implicit time-stepping scheme (backward Euler formulation),
we can reduce the governing equation in (6) to

Lvuðnþ1Þ
v ðxÞ ¼ Kvðs;uðnÞ

v ðxÞÞ for x 2 Xv; ð10Þ

for the modified Helmholtz operators Lv ¼ D� k2 for v ¼ fS; Tg,
where k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

avs�
bv
av

q
whose coefficients depend on the parameter

in (6) and discrete time s 2 ft1; t2; . . . ; Tg, that relate the solutions
at times tn. The right handed function can be computed by the lin-

ear operator Kvðs;uðnÞ
v ðxÞÞ ¼ � uðnÞv ðxÞ

avs � cv
av

using the solution in the

previous time step. Other higher order discretization is possible
and the resultant elliptic semi-discretized equation can be solved
similarly by the proposed method. The boundary/interface condi-
tions can also be simplified to

BC1[C2u
ðnþ1Þ
S ðxÞ ¼ GC1[C2 ðuðnÞ

S ðxÞ; uðnÞ
T ðxÞÞ; x 2 C1 [ C2;

BCI u
ðnþ1Þ
v ðxÞ ¼ GCI ðuðnÞ

S ðxÞ;uðnÞ
T ðxÞÞ; x 2 CI;

ð11Þ

where B is defined piecewise, either of Dirichlet or Neumann type,
depending on the location of x, and similarly to the right handed
data generator G.

To solve the semi-discretized equation in (10) numerically, we
employ the MAPS, proposed by Chen et al. [9]. Over the past years,
the MAPS has been successfully applied to various physical and
engineering problems, such as anisotropic problems [11], nonho-
mogeneous Cauchy problems [12], wave problems [13], elasticity
problems [14], Navier-Stokes equation [15], convection-diffusion
problems [16] and fractional diffusion problems [17]. In compar-
ison with the well-known radial basis function (RBF) collocation
methods, a.k.a. the Kansa method [18,19], the MAPS uses
problem-dependent basis functions derived from the governing
equation operator. Numerical evidence [20,21] suggested that the
MAPS outperforms the Kansa method in terms of both the stability
and accuracy, which is particularly obvious in the evaluation of
partial derivatives of numerical solutions.

The MAPS, as one of the meshless collocation methods [22–24],
can be set up by defining trial basis function and finding unknown
coefficients by collocation. Since the domain of (6) is multi-
regional, we will use two numerical expansions to approximate
the temperature profiles in the heathy skin and tumor respectively.
Let UðnÞ

v ð�Þ denotes the numerical approximation to uvð�; tnÞ in Xv,
and is expanded as a linear combination of Mv basis functions

Uvðrj; kÞ centered at Nv :¼ fn1; . . . ; nMvg � Xv:

UðnÞ
v ðxÞ ¼

X
nj2Nv

½aðnÞ
v �

j
Uvðrj; kÞwithrj ¼ kx� njk; ð12Þ

where ½aðnÞ
v �j denotes the unknown coefficients. Instead of the com-

monly used basis functions (i.e., the multiquadrics and Gaussian),
the MAPS uses trial basis functions in the form of

Uðr; kÞ ¼ �
Xp=2
j¼0

ð�1Þ jp!rp�2jþ1

ðp� 2jÞ!k2jþ2 þ p!e�kr

kpþ2r
; ð13Þ

that solves the modified Helmholtz ðD� k2ÞUðr; kÞ ¼ /ðrÞ in R3 for
different polynomial splines /ðrÞ ¼ rp�1 for even p [25]. For p ¼ 8,
and 10, we have

Uðr; kÞ ¼
� r7

k2
� 56r5

k4
� 1680r3

k6
� 20160r

k8
� 40320

k10r
þ 40320e�kr

k10r
; r – 0;

� 40;320
k9

; r ¼ 0;

(

and

Uðr;kÞ¼ � r9

k2
� 90r7

k4
� 5040r5

k6
� 151200r3

k8
� 1814400r

k10
� 3628800

k12r
þ 3;628;800e�kr

k12r
; r–0;

�3;628;800
k11

; r¼0;

(

respectively. Picking some parameters p allows us to complete the
numerical expansion (12). Now, suppose we impose Nv collocation

conditions at some set Xv � Xv respectively to spatially discretize
the semi-discretized Eqs. (10) and (11). Then the resultant linear
system can be expressed as

LSUSðXS;NSÞ 0
0 LTUTðXT ;NTÞ
BC1USðXS \ C1;NSÞ 0
BC2USðXS \ C2;NSÞ 0
BCIUSðXS \ CI;NSÞ �BCIUTðXS \ CI;NTÞ
BCIUSðXT \ CI;NSÞ BCIUTðXT \ CI;NTÞ

2
66666664

3
77777775

aðnþ1Þ
S

aðnþ1Þ
T

" #

¼

KSUSðXS;NSÞaðnÞ
S

KTUSðXT ;NTÞaðnÞ
T

GC1

GC2

0
0

2
666666664

3
777777775
;

ð14Þ

for solving unknown coefficients aðnþ1Þ
v 2 RMv . By the solvability

argument in [26] and the sake of numerical stability, we require
the collocation points to be as dense as the trial RBF centers, i.e.,
Mv 6 Nv for both v ¼ S and T, and the linear system in (14) is
overdetermined. Implementing the standard least-squares
approach to solve (14) will introduce error in the boundary and
interface conditions. This leads to serious effects towards the accu-
racy of our simulations. To circumvent this problem, we adopt the
affine space decomposition technique [10] and consider the follow-
ing constraint least-squares problem:

argmin
av2RMv

LSUSðXS;NSÞ 0
0 LTUTðXT ;NTÞ

� �
aðnþ1Þ
S

aðnþ1Þ
T

" #
� KSUSðXS;NSÞaðnÞ

S

KTUSðXT ;NTÞaðnÞ
T

" #�����
�����
2

;

ð15Þ
subject to

BC1USðXS \ C1;NSÞ 0
BC2USðXS \ C2;NSÞ 0
BCIUSðXS \ CI;NSÞ �BCIUTðXS \ CI;NTÞ
BCIUSðXT \ CI;NSÞ BCIUTðXT \ CI;NTÞ

2
6664

3
7775 aðnþ1Þ

S

aðnþ1Þ
T

" #
¼

GC1

GC2

0
0

2
6664

3
7775;

ð16Þ
For simplicity, we denote (15) and (16) as

argmin
a2RMSþMT

kAa� fksubject toBa ¼ g; ð17Þ

so that we enforce the discrete boundary and interface conditions
exactly in the numerical solution. This minimization approach can
also save us from searching the appropriate least-squares weighting
[27] and yields robust numerical consistency.

To solve (17), we denote By and N as the pseudoinverse and the
null matrix of B, that is, ByB ¼ I and NB ¼ 0, where I and 0 denote
identity and zero matrices, respectively. Note that the matrix B in
(17) is an underdetermined. As we expect that the domain-filling
sets of NS [ NT contains a lot more points than the set of collocation
points on the boundary and interface surfaces, the computational
overhead for finding By is reasonable. Using elementary arguments
in linear algebra, we know that the unknown coefficients a must
be in the form of

a ¼ Byg þN b ð18Þ
for some new unknown coefficients b. We can work out the dimen-
sion of b in exact arithmetics. However, whenever B is not numer-
ically of full rank, the affine decomposition approach can be seen
as some sort of regularization, in which the computed null matrix
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N will contains extra columns to make up the missing rank. The
extra degrees of freedomwill be returned to the least-squares prob-
lem that is now posed on b as:

AðByg þN bÞ ¼ f or ANb ¼ f � AByg:

Once we determine b, the original a can be found easily by (18).
Using the numerical expansions in (12), the obtained numerical
approximation can be evaluated anywhere in the domain X. Since
all columns of N is orthonormal, the length scale of the reduced
matrix AN is completely determined by the governing operator.
Note that the original matrix system (14) and the affine space
approach (15) and (16) are mathematically different; the latter
better matches with the physics in the considered bioheat prob-
lems. Numerical investigation shows that the affine decomposition
approach is able to achieve better accuracy and more stable results
than the direct solution of the original matrix.

3. Numerical simulations

In this section, we present four examples. In the first, we verify
the performance of the proposed numerical approach by compar-
ing the numerical solution to a steady-state problem. This example
helps determining all the parameters for the rest of the simula-
tions. In the second example, we compare our three-dimensional
simulated results with the two-dimensional ones found in litera-
ture [28]. From this example, readers can clearly see the necessity
of using three-dimensional models. These examples were per-
formed on regular domains with structured grids so that the pre-
sented results can be easily reproduced. Then, the next two
examples show the capability of meshless methods for irregular
domains. In our third example, the effects of tumor’s geometry
on the resulting steady-state temperature distributions were stud-
ied. Lastly, we study the power of separation of the proposed
scheme; that is, how far apart two tumors have to be so that the
proposed method can tell them apart. In all simulations, typical
parameters for skin tissue and tumor in Table 1 were employed,
and let x be the normal direction of the surface, and y; z be any
two orthogonal directions tangent to the surface. Moreover, the
convergence criterion of time stepping process to the final

steady-state situation uvðx; TÞ is set as juðnþ1Þ
v ðxÞ � uðnÞ

v ðxÞj 6 10�3.

3.1. Example 1: Identifying parameters of numerical method

We consider a rectangular domain XS as in Fig. 1 without the
presence of tumors, i.e., XT ¼ £. The skin surface and body core
are located at x ¼ 0 and x ¼ 0:03 respectively, and
ðy; zÞ 2 ½�0:04;0:04� � ½�0:06;0:06�. In this simplified model, the
skin and insulating surfaces C2 are subjected to zero Neumann
boundary conditions @

@n uSðx; tÞ ¼ 0 whereas the body core C1 has
Dirichlet boundary condition uSðx; tÞ ¼ ua for all t P 0. Then, the
analytical steady-state temperature profile [29] is given by

uSðx;1Þ ¼ 37þ Q
xbqbcb

1� eCx þ e�Cx

e0:03C þ e�0:03C

� �
for x 2 XS; ð19Þ
Table 1
Typical skin tissue properties.

Healthy tissue Tumor

qðqbÞ 1000 kg=m3 1000 kg=m3

cðcbÞ 4000 J=ðkg �CÞ 4000 J=ðkg �CÞ
ua 37 �C 37 �C
u0 33 �C 33 �C
k 0.5 W=ðm �CÞ 0.5 W=ðm �CÞ
QS 420 W=m3 4200 W=m3

xb 0.0005 m3=s=m3 0.002 m3=s=m3
where C ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xbqbcb=k

p
.

In order to apply the proposed method in the previous section
for solving (6)–(9) to steady-state situation, we need to identify a
proper MAPS basis, i.e., by determining the parameter p in (13).
Fig. 2 shows the L1 difference (measured on a very fine 29,791
evaluation nodes) between the analytical steady-state solution
and our simulated solutions with different numbers of RBF center
basis M in the present MAPS expansion (12), and various values of
p ¼ 4; 6; 8, and 10, which are compared with the Kansa method

using MQ-RBF (
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrj=cMQ Þ2 þ 1

q
), where the MQ-RBF shape parame-

ters cMQ for M = 512, 729, 1000, 1331, 1728 in this case are, respec-
tively, 0.077, 0.061, 0.049, 0.039, 0.035 determined by using trial
and error approach. Note that p ¼ 2 does not yield smooth enough
trial basis for the second order PDEs and is therefore excluded from
the comparison. Although the Kansa method with optimal MQ-RBF
shape parameter obtains the accurate results, it is a nontrivial task
to determine the sensitive problem-dependent MQ-RBF shape
parameter, which has the big effect on numerical accuracy. More-
over, it can be found from Fig. 2 that the numerical solutions
obtained with p ¼ 4 and 6 are still ‘‘converging” in the tested range
of M. On the other hand, the maximum differences for the other
two numerical solutions stagnate after M ¼ 1000; hence, both
p ¼ 8 and 10 are suitable choices and we opt for the smaller value
ðp ¼ 8Þ to avoid the problem of ill-conditioning.

Lastly, to ensure the proposed method is not sensitive to our
selections, Table 2 shows more numerical results for p ¼ 8 and
M ¼ 1000 with different temporal parameters T and s. Hence we
use p ¼ 8; M ¼ 1000; T ¼ 11000, and s ¼ 500 for a balance
between accuracy and efficiency in all numerical simulations
throughout the section.

3.2. Example 2: Two- v.s. three-dimensional simulations

Considers the same domain of skin tissue as in Example 1 but
with a 0.01 thick rectangular tumor with surface size 0:02� zT
(perpendicular to the skin surface) given as
Fig. 2. Example 1. Maximum difference between steady-state solutions and
numerical solutions for different numbers of basis by using the present MAPS with
p = 4, 6, 8, 10 and the Kansa method with MQ RBF.

Table 2
Example 1. Numerical results obtained with p ¼ 8 and different temporal parameters.

s 250 500 750 1000
T 9250 11000 12,750 14,000
T=s 37 22 17 14
L1 difference 5.37E-03 2.85E-03 1.63E-03 1.29E-03
Time ðsÞ 32.0 19.5 15.4 13.2



(a) x = 0.015, zT = 0.02

(c) x = 0.015, zT = 0.04

(b) x = 0.0075, zT = 0.02

(d) x = 0.0075, zT = 0.04

Fig. 3. Example 2. 3D numerical simulated temperature distributions for various tumor widths zT on some yz-slices at the center of the tumor (x ¼ 0:015) and in-between the
skin and tumor (x ¼ 0:0075).

1 Geometry 1: XT ¼ fðx; y; zÞg defined in spherical coordinates with the geometry

centre ð0:015;0;0Þ [30] by Rðw;uÞ ¼ r1 1þ 1
6 sin 7w sin 6u

	 

for

0 6 u 6 2p;0 6 w 6 p and r1 ¼ 0:01.

Geometry 2: XT ¼ ½0:01;0:02� � ½�r2; r2� � ½�r2; r2� with r2 ¼ 0:010;411;042;

633;749.

Geometry 3: XT defined implicitly [31] via the following parametric equation

and constant r3 ¼ 0:006047253,

ðxþ 0:3 cosðpz=r3Þ � 0:015Þ2
0:64ð1� 0:4 cosðpz=r3ÞÞ þ y2

0:64ð1� 0:1 cosðpz=r3ÞÞ þ z2 6 r23:

Geometry 4: XT ¼ fðx; y; zÞ : ðx� 0:015Þ2 þ y2þ z2=16 6 r24g with r4 ¼
0:006372354776612.

Geometry 5: XT ¼ fðx; y; zÞ : ðx� 0:015Þ2þ y2 � z2=16 6 r25; jzj 6 2r5g with

r5 ¼ 0:005287949073655.
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XT ¼½0:01;0:02��½�0:01;0:01��½�zT=2; zT=2� for zT 2f0:02;0:04g:
In any two-dimensional model, assumptions on temperature

along certain directions is unavoidable. Since the depth of the
tumor beneath the skin has great implication to the complication
of the corresponding removal surgery, suppose that one still deci-
des to ‘‘discard” the depth in the x-direction. Using our 3D simula-
tions, see Fig. 3, we show the temperature profiles at two depth
below the skin: right at the center of the tumor (x ¼ 0:015) and
in-between the skin and tumor (x ¼ 0:0075). Comparing the results
for the same zT but different x, it can be expected that 2D simula-
tions and observed skin temperature are rather different.

In [28], we can find a two-dimensional model that keep the
depth but ‘‘discard” the z-direction to simulate the cross-section
of the tumor. That is, the simulated result is independent of our
choice of zT . In Fig. 4(a) and (b), 2D results are obtained by using
the present MAPS and the RBF-MFS method in the literature [28],
respectively. We can find that the MAPS results agree well with
the RBF-MFS results in the health skin tissue region, and the
RBF-MFS results become non-smooth around the tumor region
due to introducing error in the interface conditions by using the
direct solution of the RBF-MFS matrix. Then in order to make a
comparison between 2D and 3D results, we consider two values
of zT in 3D simulation again. Fig. 4(c)–(f) shows ours 3D numerical
results restricted to z ¼ 0 and z ¼ �0:025, i.e., cross-sections at the
center and at an off-center position of the tumor, which cannot be
capture by the 2D model. We can find that the 2D results agree
somewhat with the present 3D results at the ðz ¼ 0Þ center of the
tumor. When zT ¼ 0:02, i.e., a square-shaped tumor, we see a less
agreement between the 2D and 3D results.
3.3. Example 3. Effect of the tumor geometries

Real tumors are not rectangular. This example investigates the
effect of the tumor geometries to the thermal behaviors of the skin
tissue. We consider five different geometries1 with the identical
volume. To show that our proposed method can deal with irregular
data point density, we use regular data in the parameter space,
which yield non-uniformly data points in the tumor domain. See



(a) 2D MAPS results

(c) z = 0, zT = 0.02

(e) z = 0, zT = 0.04

(b) 2D RBF-MFS results

(d) z = −0.025, zT = 0.02

(f) z = −0.025, zT = 0.04

Fig. 4. Example 2. Comparison of 2D and 3D simulated temperature distributions.
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Fig. 5 for some schematic demonstrations of data point distributions
on the tested geometries.

Fig. 6 depicts numerical results along with the x-axis by using
the present 3Dmodel with different tumor geometries. Fig. 7 repre-
sents our numerical results along with y-axis by using the present
3D model with different tumor geometries. It can be observed from
Fig. 6 that the hyperboloid tumor (Geometry 5) has the different
thermal behaviors with the other geometry-shaped tumors along
the perpendicular direction to the skin surface, and the tumor-
like tumor (Geometry 1) and the rectangular tumor (Geometry 2)
almost have the same thermal behaviors along the perpendicular
direction to the skin surface. It can be seen from Fig. 7 different
tumor geometries lead to the distinct thermal behaviors of the skin
tissue, particularly, in between the tenuous tumors (Geometry 4
and 5) and the rectangular tumor (Geometry 2). Whereas, the
asymmetrical tumors (Geometry 1 and 3) produce the tumor-
directional thermal behaviors along with y-axis.

3.4. Example 4. Effect of the tumor location

This example investigates the effects of the tumor locations on
the thermal behaviors of the skin tissue. We consider four stages of



Geometry 1 Geometry 2 Geometry 3

Geometry 4 Geometry 5

Fig. 5. Configurations of five different tumor geometries in Example 3.

(a) u(x,0,0,T)

(c) u(x,-0.03,0,T)

(b) u(x,0,-0.03,T)

(d) u(x,-0.03,-0.03,T)

Fig. 6. Numerical results along with x axis by using the present 3D model with different tumor geometries in Example 3.
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(a) u(0.015,y,0,T)

(c) u(0.0075,y,0,T)

(b) u(0.015,y,-0.03,T)

(d) u(0.0075,y,-0.03,T)

Fig. 7. Numerical results along with y axis by using the present 3D model with different tumor geometries in Example 3.

Stage 1 Stage 2 Stages 3–4

Fig. 8. Configurations of four stages of tumor locations in Example 4.
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the tumor2 with the same volume. Fig. 8 shows the temperature
profiles resulting from these four stages. Fig. 9 shows numerical
results by using the present 3D model with different tumor loca-
tions. It can be observed that the highest temperature appears inside
the tumor region or its nearby regions. The stages 1–3 yields similar
results, and its temperature distribution tends to gentle from stage 1
to stage 3. However, two well separated small tumors as in stage 4
has a relatively small thermal effect to skin temperature in compar-
ison to the temperature profiles of stages 1–3.

Finally, it should be mentioned that all the numerical simula-
tion in this paper can be done in three minutes via a laptop (Inter
Core i5-4200 M 2.50 GHz, 4.00 GB RAM).
2 Stage1 Single sphere XT ¼ fðx; y; zÞ : ðx� 0:015Þ2 þ y2 þ z2 6 R2
1g with where

R1 ¼ 0:008.

Stage2 Connected spheres XT ¼ fðx; y; zÞ : ðx� 0:015Þ2 þ y2 þ ðjzj � 0:075R2Þ2 6

R2
2g R2 ¼ 0:006443237571121.

Stage3 Nearby spheres XT ¼ fðx; y; zÞ : ðx � 0:015Þ2 þ y2 þ ðz � Lz1Þ2 6 R2
3;

ðx� 0:015Þ2 þ y2 þ ðzþ Lz1Þ2 6 R2
3g with R3 ¼ 0:006349597325461 and

Lz1 ¼ 0:01.

Stage4 Well separated spheres XT ¼ fðx; y; zÞ : ðx� 0:015Þ2 þ y2 þ ðz� Lz2Þ2 6

R2
3; ðx� 0:015Þ2 þ y2 þ ðzþ Lz2Þ2 6 R2

3g with R3 ¼ 0:006349597325461

and Lz2 ¼ 0:02.
4. Conclusions

This paper applies the method of approximate particular solu-
tions (MAPS) to investigate the effect of the arbitrary-shaped
tumor on the thermal behavior inside 3D skin tissue. To improve
the numerical stability of the employed meshless method, an affine
space decomposition technique has been adopted also. The present
numerical experiments verify that such a combination yields an
easy to implement numerical method that is a competitive alterna-
tive for solving the 3D Pennes bioheat equation. The method also
provides satisfactory simulations under a variety of tumors’
geometries, i.e., different locations, shapes, and sizes. The tenuous
tumors, i.e., ellipsoid and hyperboloid, give very distinct thermal



(a) Stage 1 (b) Stage 2

(c) Stage 3 (d) Stage 4

Fig. 9. Numerical results along with x axis by using the present 3D model with different tumor locations in Example 4.
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behaviors of the skin tissue in comparison to the ones resulting
from rectangular tumors. Moreover, asymmetrical tumors, i.e.,
tumor-like bumpy sphere and bean shaped, produce directional
thermal behaviors parallel to the skin surface. Our simulation also
verifies that well separated tumors are harder to detect due to the
relative minor changes in skin temperature.
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